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Aspects of the radiation of magnetoaeoustic waves by an oscil lating plane piston and by a 
radial ly pulsating cyl inder  and sphere are  discussed.  Expressions are  derived for the mag- 
netohydrodynamic perturbat io n fields in the medium. The radiation react ion forces  acting 
on the given bodies are  determined.  The significant distinction between the theory of s o -  
called "magnetic" sound generation and the theory of ordinary  sound radiation is demon- 
s t ra ted.  For example, the direct ivi ty pattern of a magnetic radial ly pulsating cyl inder  o r  
sphere has a dipole charac te r ,  whereas for ordinary  sound generated by the same sources  
the pat tern is isotropic,  i.e., monopolar.  

Magnetohydrodynamic processes  are  described by a sys tem of coupled hydrodynamic  and e l e c t r o -  
magnetic equations [1]. As a result ,  hydromagnetic  perturbations can be created  ei ther  by mechanical  
means,  i.e., by oscillating or  pulsating bodies,  or  by e lec t r ica l  charges and cur ren ts .  The radiation of hy-  
dromagnet ic  waves by e lec t r ica l  cur ren ts  has been analyzed in detail in [2-5]. We now investigate the gen- 
erat ion of such waves by mechanical  rad ia tors .  We find the radiation react ion forces  acting on the wave 
sources ,  using the method of force sources  [6]. 

1 .  I n t e g r a l  F o r m  o f  t h e  S o l u t i o n  o f  t h e  L i n e a r  

M a g n e t o h y d r o d y n a m i e  E q u a t i o n s  

The sys tem of l inear magnetohydrodynamic equations for an inviscid medium in the presence of ex- 
ternal  forces with a spatial density f has the form 

av t (roth) •  P0-~- = -- Vp + - ~  
(1.1) 

0_hh = rot (v • l-lo) (1.2) 
Ot 

a~ + Po div v = 0 (1.3) 
Ot 

p = cs*o (1.4) 

Here P0 and H 0 are the unperturbed density and magnetic field in the medium; c S is hhe speed  of sound; 
and p, p, v, and h are the density, p res su re ,  velocity,  and magnetic field perturbat ions.  We assume that all 
the perturbations vary  harmonical ly  with time as exp (--iwt), where w is the frequency of the process .  In 
this case we readily obtain the following equation for the velocity f rom the sys tem {1.1)-(1.4): 

r t grad div,i + cA t [rot rot (v • e~)] X eH+ co2v = icof/po 
(1.5) 
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where c A = H0/(4 ~p0)l/~ is the Alfv6n velocity,  and eH is the unit vector  of the field H 0. From now on we 
drop the time factor  exp (-icot) f rom the functions v and f for brevi ty  of notation. 

The spatial  density of forces  f is expressed  by the fo rma l i sm of genera l ized  functions in te rms  of the 
grazing surface force vector :  

! = T~s (1.6) 

where 6 S is the Dirac delta function, whose argument  is the equation for the surface of the body [7]. The 
integral  of f over  the normal  to the surface yields the function T. By the laws of mechanics (--T) is the 
force exerted on the body by the medium (the react ion force of the medium). Equation (1.5) r e fe r s  to right-  
sided vector  differential  opera to r s ,  whose analysis  is considerably more  complex than for sca la r  opera tors  
[8]. 

In an inviscid medium the normal component of the velocity at the surface of the body must  be equal 
to the corresponding velocity component of the body [9]: 

v Is = Uon (1 .7 )  

where n is the outward normal  unit vec tor  relat ive to the surface of the body. It is assumed here  that the 
bodies creat ing the perturbations in the medium are metals (whose conductivities are large in compar ison  
with that of the surrounding medium), so that (v-u0)s x .n = 0. 

We formulate the fundamental problem in application to relat ions (1.5)-{1.7). It is required to deter -  
mine the surface force T (1.6) f rom the known differential opera tor  (1.5) subject to the boundary condition 
(1.7). Thus stated, the problem belongs to the class  of inverse problems of the theory of differential  equa- 
tions, wherein the right-hand side of an equation is to be determined f rom a known opera tor  and boundary 
conditions [10]. Inverse problems of this type are ordinar i ly  reduced to integral  equations for the unknown 
right-hand side of the p r imary  differential  equation. For  example,  in the theory of subsonic flow past slen- 
der  bodies an integral  equation is obtained for the distribution of mass  sources  and sinks. 

The wave radiat ion intensity I is re lated to the force T by the simple express ion  

I = -- l/2 (vT*)s 

in which T*  denotes the complex conjugate. 

To solve the problem we use the Four ie r  t ransformat ions  

(1.8) 

+~ +,o 
v i (k )=  8~IIIv(r)ei (kr)dr ,  [l(k)-~ 87a lIIf(r)ei(kr)dr 

- - ~  - - c Q  

(i .9) 

and the corresponding inversion formulas  

- - r  - - ~  

dr = dx dy dz, dk = dkx dk v dkz, (kr) = k~x g- kvy -1- kzz 

(1.10) 

in which Vl(k) and fl{k) are  the Four ie r  t r ans fo rms  of the velocity and force density. It is assumed that the 
functions v and f a d m i t  Four ie r  t ransformat ion  in general ized function spaces [7, 11]. We choose the z 
axis of our coordinate sys tem (x, y, z) in the direct ion of the magnetic field H (e z = ell). Applying the 
t ransformat ion  (1.9) to Eq. (1.5), we obtain a vector  a lgebraic  equation for vl (k), f rom which we fend the 
components of that vector .  Using the inversion formulas  (1.10), we obtain the following integral  form of 
the solution of Eq. (1.5): 

poVx= i ~ i ~ [  kv(kyfix-kJiy) 
(k ~ -t- kv~) DA 

k (o) 3 -- Cs2k2) (k~Ji~ -t- kvfiv) ~_ cS~k~kJi~le_~(kr)d k 
(k~ -t- ky~) D s •S 3 

(1 . I I )  
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-$-oo 

- ~  L ( ~  + ~ )  DA - -  7 (kx--'-~ n t- ku~---~ ~)s ~ J 
(1.12) 

I0)2 - -  (CA2 -1- C82) (1r ~ -  kY~' -}- 'kz2)]/lz -~" ~  (k [1)  e - i{kr)  d k  

D s 
(1.13) 

The fo l lowing  no ta t ion  i s  u sed  a b o v e :  

DA (o ~ - -  CAl~kz 2, Ds  = r 4 - -  [o~ ~ (CA 2 + Cs 2) - -  cA2cs~k~l (k~ 2 + ku 2 + k, ~) 

The cond i t ions  DA = 0 and D S = 0 y i e l d  d i s p e r s i o n  r e l a t i o n s  fo r  AlfvSn and m~tgne toacous t ic  w a v e s  
with phase  v e l o c i t i e s  

~2  + ~J ~: l / (~A: + ~s~) ~ - 4~d%~ ~o~ 
U A -~- c A COS 9~, //,__+2 ~___ 2 (1.14) 

w h e r e  a i s  the  ang le  b e t w e e n  the v e c t o r s  k and Ho, and u .  a r e  the r e s p e c t i v e  s p e e d s  of the f a s t  and s low 
m a g n e t o a c o u s t i c  w a v e s .  A c o m p l e t e  a n a l y s i s  of  the d i s p e r s i o n  r e l a t i o n s  and t h e i r  c o r r e s p o n d i n g  wave  s u r -  
f a c e s  m a y  be  found in [12]. 

F o r  the  p lane  p r o b l e m ,  in  which  f = f (x, z) and v = v(x,  z) we find the fo l lowing  f r o m  (1.11)-(1.13): 

ii ' ( (~ - -  Cs~kz~) /2~ + Cs k ~ zf ,z k 
pOV~ --~ iO.) r - -  [(CA2 .9r CS',I ) 0 ~ - -  CA2CS2kz'Z] (kx~ -I" kZ2) e-ikx x-"%Zdk~ dkz 

- - o o  

(1.15) 

poVz : i:o I I  Cs~'xkz/~ + [(~2 _ cs2k ~ _ CA2 (k ~ + kz~)] e_i~x~_ikz z dk~ dk z 
, (1)4 __ [(CA2 ~- CS~ ) ~Z ~ CAZcsZkz 2] (kx,2 _}. kz~ ) 

(1.16) 

QOb'y ~ 0 

H e r e  we have  made  u s e  of the m e t h o d  of  i n t e g r a l  d e s c e n t  o~n the y c o o r d i n a t e  [7, 11]: 

1 bb 
(1.17) 

f~ (k) = t 
(1 . is) 

The i n t e g r a l  f o r m s  of  the s o l u t i o n  (1.11)-(1.16),  (1.17), (1.18) a r e  u sed  be low to a n a l y z e  p r o b l e m s  in 
the  g e n e r a t i o n  of m a g n e t o a c o u s t i e  w a v e s .  

2 .  R a d i a t i o n  b y  a n  O s c i l l a t i n g  P i s t o n  

We c o n s i d e r  the r a d i a t i o n  of  m a g n e t o a c o u s t i c  w a v e s  by  a p lane  o s c i l l a t i n g  h a r m o n i c a l l y  a t  a f r e q u e n c y  
w in the d i r e c t i o n  of  the n o r m a l  to the s u r f a c e .  The n o r m a l  f o r m s  an  ang le  ~ with  the z a x i s ,  a long  which  
the f o r c e  l i n e s  of the f i e ld  I t  0 a r e  d i r e c t e d  (Fig .  1). The zx  p lane  con ta ins  the n o r m a l  to the s u r f a c e .  The 
b o u n d a r y  condi t ion  (1.7) h a s  the fo l lowing  f o r m  in p r o j e c t i o n s  onto the x and z a x e s :  

Vx Is ----- - -  u0 sin ~, Vz 18 -~ ~0C0S 

The s p lane  i s  g iven  by the equa t ion  

x sin a - -  zcos  a---- 0 

(2 .I) 

(2.2) 

Invoking  the t h e o r y  of  g e n e r a l i z e d  func t ions ,  we e x p r e s s  the d i s t r i b u t i o n  of the s p a t i a l  f o r c e  d e n s i t y  
f in t e r m s  of the s u r f a c e  f o r c e  T:  
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J 
Fig.  1 

f = (Txe~ -}- Tzez)5 (x sin ~ - -  z cos :~) (2.3) 

where  Tx and Tz a r e  the p r o j e c t i o n s  of the unknown force  T e x e r t e d  b y  

un i t  a r e a  of the p i s ton  su r f a c e  on the m e d i u m ,  e x and e z a r e  the un i t  
v e c t o r s  in the x and z d i r e c t i o n s ,  and 6 is the Di rac  del ta  funct ion.  Due 

to the m a g n e t i c  a n i s o t r o p y  of the p r o p e r t i e s  of the m e d i u m ,  the force  T 
in g e n e r a l  does not  co inc ide  in d i r e c t i o n  with the n o r m a l  to the su r f ace .  

The F o u r i e r  t r a n s f o r m  of the d i s t r i b u t i o n  (2.3) is  found f r o m  Eq. 
(1.18): 

f~ (k )=  T % + T  e zg(k z s i n a  +k~cose)  
2n 

(2.4) 

This  m e a n s  that  the F o u r i e r  t r a n s f o r m  of the func t ion  f with r e s p e c t  to x and z ex i s t s  only  in  the 
s e n s e  of g e n e r a l i z e d  func t ions ,  hav ing  the f o r m  of the d e l t a - d i s t r u b u t i o n  funct ion  (2.4) in  k r e p r e s e n t a t i o n .  

Subs t i tu t ing  e x p r e s s i o n  (2.4) into Eqs .  (1.15) and (1.16) and i n t e g r a t i n g  on k z, we ob ta in  

tm s i n  a -i-~ (to ~ -- cs~k2 etg 2 a) T x -- es2k2T z ctg a e-ik(x-z ctg a) dk 
t'x ----- 2npo J r 4 sin s :t -- [(cA2 -t- c~ ~) oP . k~CA~cS 2 etg 2 r k 2 

(2.5) 

ira s in  a I 
2 i (08 -- (cs2 "4- c.a~ cosee~ a) k~] T z -- Cs'k T x e'cg :t ,,,. e_ik(x_ z ctg ~)dk 

to 4 s in  2 a - -  [(cA~ -4- CS~)(o~ -- c)2Cs2k ~" ctg ~ a] k z 
(2.6) 

H e r e  we have dropped  the s u b s c r i p t  x f r o m  the wave n u m b e r  k x. The i m p r o p e r  i n t e g r a l s  in (2.5) and 
(2.6) a r e  m o s t  r e a d i l y  computed  in  the complex  plane of the v a r i a b l e  k. The r u l e s  for  b y p a s s i n g  the poles  
of the i n t e g r a n d s  a r e  adopted in a c c o r d a n c e  with the r a d i a t i o n  p r i n c i p l e ,  i . e . ,  so tha t  the so lu t ion  with in -  
c l u s i o n  of the t i m e  fac to r  exp ( - i w t )  wi l l  have the f o r m  of plane waves  t r a v e l i n g  into the lef t  h a l f - s p a c e  

f r o m  the p lane  (2.2):  

us = pou+ (u. 2 -- u_2) exp --  ico t + u+ --  

(u-2--Cs2C~ Tx--cs2Tzsinctcos~ [ ( xsinc~ )] - -  pou_(u+~ -- u_~) exp --  i co t  -~ u_._z cos 

vz (u+2--cA2--Cs~Sin~a)Tz--cs2Txsinac~ (u+ ~ -- u_~) exp --  in) ( z sin a -- z cos a @ u+ 

--  pou_ (u+~ -- u_ 2) exp - -  . 

(2.7) 

(2.8) 

In r e l a t i o n s  (2.7) and (2.8) u• deno tes  the phase ve loc i t i e s  of the fas t  and slow waves  (1.14). 

Fo r  the d e t e r m i n a t i o n  of the unknowns  T x and T z we use the b o u n d a r y  condi t ions  on the su r f ace  of the 
p lane .  Thus ,  f r o m  r e l a t i o n s  (2.1), (2.2), (2.7), and (2.8) we obta in  the s y s t e m  of a l g e b r a i c  equa t ions  

(u+u_ A- cs ~ cos 2 ~) Tx -t- cs2T~ sin ~ cos ~. = - -  p0UoU+U_ (u+ + u )  sin 
(2.9) 

cs~T~ sin ~ cos e q- (u+u_ -}- CA ~ -~ CS 2 sin 2 ~) T z = poUo~t+u_ (u+ -}- u_) cos (2.10) 

which has  the s i m p l e  so lu t ion  

pouo sin 
f ~  ~ ~2 ( u 2  + u-~ + u+u ) 

(2.11) 

T~ = pouo cos  = (u+u + c s  ~) 
u + - lc  u (2.12) 

The quan t i t i e s  T x and T z t aken  with the opposi te  s igns  y i e ld  the componen t s  of the r a d i a t i o n  r e a c t i o n  
force  e x e r t e d  by the m e d i u m  on un i t  a r e a  of the o s c i l l a t i n g  s u r f a c e .  As Eqs .  (2.11) and (2.12) r e v e a l ,  the 
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v e c t o r  T does not coincide  in d i r e c t i o n  with the n o r m a l  n (Fig. 1). Excep t ions  a re  the spec ia l  case  c A = 0, 
a s  wel l  a s  ~ = 0 and a = 7r/2, in  which case  T = Tn.  

E x p r e s s i o n s  (2.11) and (2.12) a re  s imp l i f i ed  in the two e x t r e m e  c a se s  of a hot  m e d i u m , c  S >> CA, and 
a cold m e d i u m ,  c A>>c  S[13] .  ~ n u s ,  f o r c  S>>c  A we h a v e u + - c  S , u  ~ c A cos ~ (1 .14 ) , and  

T~:~--poCsUosina(l q- ~ c ~  / T~pocsuoeosa (2.13) 

In the ca se  c A >> c S we have  u+ - c A , u_ ~ c S cos ~,  and 

Tx~poUoCASin~(I--~COS~), Tz~PoUoCsCOS~(COSCC -4- ~A ) (2.14) 

Note that  if c S - - 0 ,  then T z ~ 0 .  

Subs t i tu t ing  T x and  T z f r o m  Eqs .  (2.11) and  (2.12) into (2.7) and  (2.8), we ob ta in  f ina l  e x p r e s s i o n s  for  
t he  ve loc i ty  componen t s :  

v~ u§ ~u~ sin___u_ 2 = [u+ z exp (iW+) - -  u_ z exp (i,_)] (2.15) 

uo cos 
vz = _ u2 [( cs~ - -  u-Z) exp (i,+) - -  (cs ~- u+ ~) exp (i,_)1 

u+  g (2.16) 

in  which the fol lowing nota t ion  is  i n t roduced  for  the phase of the fas t  and slow m a g n e t o a c o u s t i c  waves :  

~ +  = - -  o)o ( t  - t -  ( x  s i n  :r - -  z c o s  ~)/u+_) (2.17) 

F r o m  r e l a t i o n s  (1.2)-(1.4) and Eqs .  (2.15)-(2.17) we ob ta in  

P =  P ~  [ u+2sin2a-(u-'"-cs2)c~ u'Zsin2a--(u+2--cs2) l u+ "~ -- u--------7 u+ exp (i$+) - -  - u_ exp (ir (2.18) 

uo sin 2a 
hx = Ho 2 (u+~ -- uZ) [u+ exp (iap+) --  u_ exp (hp_)l (2.19) 

h~ = H0 uo si____n 2__a [u+ exp (iq~+) --  u_ exp (hp_)] 
U+ 2 - -  U 2 

(2.20) 

% = h ~ = 0 ,  p=csZp  (2.21) 

It i s  i m p o r t a n t  to b e a r  in mind  that  the l i n e a r  equa t ions  (1.1)-(1.4) we re  ob ta ined  unde r  the condi t ion  

] h [ / H  0 <~1, (P/P0) <e l .  On the b a s i s  of (2.18)-(2.20) these  i n e q u a l i t i e s  a s s u m e  the f o r m  Ih/H01 ___ (u0/u+) <<1 

and,  ana logous ly ,  t P/Po l <- (u0/u+) << 1. 

Consequen t ly ,  a n e c e s s a r y  condi t ion  for  l i n e a r i z a t i o n  i s  (u0/u +) << 1 ,  which is the s a m e  as  the f a m i l -  
i a r  condi t ion  in  a c o u s t i c s ,  u 0 << c S for  c S >> c A. We a l so  point  out that  r e a l  p i s tons  have f ini te  d i m e n s i o n s  
for  the o s c i l l a t i n g  s u r f a c e .  We have a s s u m e d  he r e ,  by ana logy  with a c o u s t i c a l  t heo ry ,  that  the m a x i m u m  
r a d i a t e d  wavelength  X + = (2~u+/w)<< l,  where  l is the m i n i m u m  d i m e n s i o n  of the p i s ton  s u r f a c e .  

The r a d i a t i o n  i n t ens i t y  is  d e t e r m i n e d  a c c o r d i ng  to Eqs .  (1.8) and (2.11)-(2.12): 

P~176 [cA 2 sin z ~ q- cs: -4- u+u] (2.22) I =  2 (u+ + ~_) 

In the d e r i v a t i o n  of (2.9)-(2.22) we used  the s i m p l e  r e l a t i o n s  

/s _~ U_2 = CA 2 _~_ CS 2, U+U_ ~ CAC S COS 
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which follow from (I.14). For the two extreme orientations of the oscillating 

plane we have according to (2.22) 

{ p0csu02 / 2 for ~ ~--- 0 
[ = (2.23) 

p o V - c - ~ + c s  2~o 2/2 for ~ = ~ / 2  

x~ T h e r e f o r e ,  i f  the n o r m a l  n [IH 0, o r d i n a r y  sound is  g e n e r a t e d ;  bu t  i f  n • H 0, 
a f a s t  wave  is  r a d i a t e d  with a phase  v e l o c i t y  u+ = (c~  + c~)~A. Thus ,  the p r o b l e m  
of the r a d i a t i o n  o f  sound  by  an o s c i l l a t i n g  p lane  is s o l v e d  fo r  any  v a l u e s  of  the 

F ig .  2 v e l o c i t i e s  c A a n d  c s .  

R a d i a t i o n  o f  M a g n e t i c  S o u n d  b y  a P u l s a t i n g  C y l i n d e r  

F o r  m o r e  c o m p l e x  r a d i a t o r s ,  such  a s  a r a d i a l l y  p u l s a t i n g  c y l i n d e r  o r  s p h e r e ,  the r a d i a t i o n  p r o b l e m  
canno t  be s o l v e d  fo r  a r b i t r a r y  v a l u e s  of  c A and c S. We t h e r e f o r e  l i m i t  the p r e s e n t  d i s c u s s i o n  to the g e n e r a -  
t ion  of  s o - c a l l e d  " m a g n e t i c  s o u n d "  in a co ld  m e d i u m ,  i . e . ,  f o r  c s  = 0 [13I. The o t h e r  e x t r e m e  c a s e ,  CA=0 ,  
c S r 0, h a s  b e e n  t ho rough ly  i n v e s t i g a t e d  in a c o u s t i c s ,  and  we s h a l l  not  d i s c u s s  i t  f u r t h e r .  

L e t  us  c o n s i d e r  the g e n e r a t i o n  of  m a g n e t i c  sound by  a c i r c u l a r  c y l i n d e r  whose  a x i s  i s  d i r e c t e d  a long  
the y a x i s  (F ig .  2),  i . e . ,  p e r p e n d i c u l a r  to the f o r c e  l i ne s  of  H 0. The v e l o c i t y  p e r t u r b a t i o n s  due to r a d i a l  pul -  
s a t i o n s  of  the c y l i n d e r  a r e  a g a i n  d e t e r m i n e d  by  E q s .  (1.1)-(1.16) fo r  c S = 0: 

~ol.)x~i.3)i f f2x -ilfzx-~zz -o~ o)" - -  c 2 "(-k'~" + kz" ) e d k x  dkz ;  v u = 0 (3.1) 

~ii -{kx'~-ilfzz = ] , ze  dk~  d k ,  l )ov z - -~  (3.2) 

Once a g a i n  we o m i t  the t i m e  f a c t o r  exp  ( - - iwt ) .  The b o u n d a r y  cond i t ion  (1.7) on the s u r f a c e  of the 
c y l i n d e r  now h a s  the f o r m  

vx=uocosq) ,  v~-----uosinq~ for r = a  (3.3) 

w h e r e  u 0 i s  the v e l o c i t y  a m p l i t u d e  of  the r a d i a l  o s c i l l a t i o n s  of the s u r f a c e  of the c y l i n d e r ,  u0 = a~w, and al  
i s  the r a d i a l  d i s p l a c e m e n t ,  which  we a s s u m e  to be  s m a l l  in c o m p a r i s o n  wi th  the a v e r a g e  r a d i u s  of  the 
c y l i n d e r :  at  << a0. Throughout the e n s u i n g  a n a l y s i s  we a d o p t  a s  the i n d e p e n d e n t  v a r i a b l e s  the  p o l a r  c o o r d i -  
n a t e s  x = r cos  r  y = r s i n  r (F ig .  2). We r e p r e s e n t  the d i s t r i b u t i o n  of  the  f o r c e  d e n s i t y  f in the f o r m  

[ = Tx (r ex -}- Tz (~) ez 8 (r - -  a) (3.4) 
V~ 

where Tx(~) and Tz(~V) are the components of the force exerted on the medium by unit length of the cylinder. 
These unknown functions of the angle r are to be determined by means of the boundary conditions (3.3) and 
relations (3.1) and (3.2). 

It is a particularly simple matter to determine Tz(~V). Thus, we have by virtue of (3.2) and (3.3) 

T z (~) - -  - -  ipouo(O cos (p Jim W-r-a / 5 (r - -  a) == 0 (3.5) 
r ~ a  

b e c a u s e  by  de f in i t i on  l i r a  5 ( r - a )  = ~ a s  r --*a.* To d e t e r m i n e  the d i s t r i b u t i o n  of  Tx(~O) we subs t i t u t e  f x  
(3.4) into the i n t e g r a l  {1.18): 

2~ 

l l Tx ((p) ei~a ~os (~,-~') d(p ( k  = k cos (p', k z = k sin (p') 
0 

(3.6) 

We u s e  the f a m i l i a r  r e p r e s e n t a t i o n  

eika cos  ( ~ - ~ ' )  (3.7) 

*See  [14, 15] wi th  r e g a r d  to the r a d i a l  D i r a c  de l t a  funct ion  0 ( r - - a )  and o t h e r  d e l t a - f u n c t i o n  r e p r e s e n t a t i o n s .  
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in which Jn is a Besse l  function of the f i r s t  kind of o rde r  n. F r o m  re la t ions  (3.6) and (3.7) we find 

f~= (k, ~p') = - ~  ~ ,  i n T = j n  (ka) e - i~ '  (3.8) 

2~ -~-oo 
t ~ in~ 

Tx,, = ~ ,j T~ (q~) e dT, Tx = ~ Tz~e - ~  
0 Xt~--oo 

(3.9) 

We substi tute re la t ion  (3.8) into the p r i m a r y  in tegra l  (3.1) and once again,  making use of the r e p r e -  
sentat ion (3.7), find 

p.v~ (r, (p) = ~ ~,  ~ rx,~e ~ e -~(~-'~)~ dr kJ,~(ka) J .  (kr) ek 

The integral  on ~ '  gives the Kronecke r  delta function 5nm, which pe rmi t s  summat ion  ove r  m to be 
c a r r i e d  out in Eq. (3.10). Then the second  integral ,  which contains a product  of Besse l  functions, goes 
over  to the well-known in tegra l  [16] 

o~ 
~, kd,~(ka)J (t~r) m jn(koa)  H (~) ,) ~ = - -  ~ (kor) for r > a 
o 

in which Hn0) is a Hankel  function of the f i r s t  kind and k o = w / c  A is the wave number .  
sion (3.10) a s s u m e s  the fo rm 

(3.11) 

Therefore, expres- 

+o0 

~0~ (r, ~) : ~ ~ T~]I~ (koa) H ,  (1) (kor) e -i~r (3.12) 

If we substi tute the express ion  (3.9) for  Txa into (3.12) and use the addition theo rem for  cyl inder  
functions, we obtain the in tegra l  r ep resen ta t ion  

2~ 
_ _  O )  , (I) 

povx(r, cp) - -  ~ f T x ( ~  ) Ho [ko V r ~ + a ~ - 2arcos (~p- ~')1 dqf 
0 

From (3.12), using the boundary condition (3.3), we find 

Tx n ~ 6n. 1 + 5n. -I 
z{koJ (koa) H (t) (koa) PoUoCA (3.13) 

and on the bas i s  of (3.9) we finally obtain 

2poUoC A cos 

T~ = ~ko]l (koa) ~!~1 ) (k0a) (3.14) 

The per turba t ions  in the medium a re  eas i ly  de te rmined  with the help of (1.2)-(1.4), (3.12),and (3.14): 

n ~  1) (kor) u o kar cos 2 (PH~ 1)' (kor) "4- s in  ~' r H~ D (kor) 
Yx = Uo COS ~0 H i  D (kOa---------~, P = [PO C--A korH~l) (koa) 

hx = iHo u~ sin (p cos (~ k~ (k~ -- H~I) (k~ 
CA korH~X) (koa) 

H p h~ = o-~-o , v~ = v v = O, h~ = O, p = O (3.15) 

Thus,  with r ega rd  for  the fac tor  exp (-icot) it is apparen t  that re la t ions  (3.15) desc r ibe  for  kor >>1 
cyl indr ica l  magnetoacoust ic  waves diverging f rom the cyl inder ,  because  the asympto t i c  behav io r  of the 
function H1 (') and its der iva t ive  has the fo rm r- t /2exp (ikor) [16]. 
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The distribution of the radiation intensity with respect to the polar angle is found according to Eqs. 
(1.9) and (3.14): 

d] ~)oUo2CA COS~ ~ (3.16) 
do? ~ko [Yi 2 (k~a) § Ni 2 (koa)] 

where NI is a Neumann function. Consequently, the directivity pattern in the xz plane has a dipole charac- 
ter. The radiation is zero along the dipole axis ~ = ~r/2. The total intensity 

has the simple asymptot ic  behavior  

I = P~176 (3.17) 
ko [J12 (koa) "-~ NI  ~ (koa)] 

{ i/4~2pouo2a2~o for koa ~ l (3.18) 
I = 1/2gpoUo2CA a for k o a ~ l  

Relations (3.18) are  analogous to the corresponding equations for the intensity of ordinary sound 
radiated by a pulsating cyl inder  [9, 17]. The principal distinction of magnetic from ordinary  sound is the 
fact  that its waves have zero  p re s su re  perturbat ions,  p = 0, and the velocity perturbations are  anisotropic.  
In place of hydrodynamic p res su re ,  magnetic sound has the magnetic p ressue  due to the presence  of the 
magnetic  field per turbat ions.  The dipolar direct ivi ty pat tern (3.16) is a consequence of the magnetic an i so -  
t ropy of the proper t ies  of the medium. 

4 .  R a d i a t i o n  b y  a P u l s a t i n g  S p h e r e  

The solution of the problem of the radiat ion of magnetic sound by a pulsating sphere is analogous to 
the preceding, and we can therefore  omit  the intermediate calculations.  To simplify the analysis we as-  
sume that the radial  osci l lat ions of the sphere are  ax i symmet r i c  about the z axis, which is aligned with the 
force lines of the magnetic field It 0. Now Alfv6n waves are  not excited, and the condition r o t z f  = 0 (rot = 
curl) or,  in k representa t ion,  kxfly = ky f l  x holds, which in the event of an axisymmet~:ic distribution of the 
velocity field on sphere is s t r ic t ly  deduced from the general  relations (1.11)-(1.13) for any c S and CA (see 
also [5]). F rom the general  relat ions (1.11)-(1.13) under this condition and the assumption c S = 0 we obtain 

i ! i  /ix, y e-~(kr) dk 
povx. y = io.) 0) 2 _ CA ~ (kx2 -~ k~ 2 -~ k2  ) 

--oo 

(4.1) 

pov z = i/z / (o (4.2) 

The distribution of the forces  f on the surface can be represented in the form 

f = IT x (% 0) e~ Jr T~ (% 0) % -~ Tz (% 0) %] 5 (R --  R0) / RR0 (4.3) 

The independent variables  in this express ion are  the spherical  coordinates R, 0, ~ with polar axis 
along z; R0 is the radius of the sphere.  On its surface the boundary condition (1.8) for homogeneous radial  
pulsations is wri t ten in the form 

v x = U o S i n O c o s %  v ~ = u  osin0sin% v z = u  ocos0 (4.4) 

where u 0 = wRt is the velocity amplitude of the radial  oscil lat ions of the sphere,  and we assume here  that 
Rt << R0. The time factor  exp (iwt) is omitted everywhere .  As in the case of the pulsating cylinder,  we find 
the following at once f rom Eqs. (4.2)-(4.4): 

o~pouoRRo cos 0 
T z ( % 0 ) =  lim ~6(/t--Ro) = 0  (4.5) 

R~Ro 

For  the analysis  of the integral  (4.1) we introduce the spher ical  coordinates 

k z = qcos0' kx  = q s i n O ' c o s  q~', k~ = q s i n  0 's in(p '  
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and use the following expansion of the exponential  function: 
co 

exp (-- iqR cos ~) = ( ~----~--'~'/' t 2qR ] ~ in (2n -4- t) Yn+,], (qR) P .  (cos , )  
==o (4.6) 

cos~ = cos0cos0 '  + sin 0 s i n 0 ' c o s  ((9-- T') 

Here  Jn+Y} are  Besse l  functions, and Pn a re  Legendre  polynomials ,  for  which the addition t heo rem 
y i e l d s  

+ n  

P. (Cos r = Y~ (n -- "0!, (n + m)! p,m (cosO) P,~" (cos 0') e t'n(~-~') (4.7) 

I t  is c l ea r  f rom the foregoing that the unknown functions Tx,y(g O, 0) a re  conveniently sought in the 
m 

f o r m  of an expansion in sphere  functions Pn : 

y r~,~ (n, m) p=~ (cos0)e ~ ,  (4.8) 

F r o m  Eqs.  (1.19), (4.6)-(4.8) we find 

[x,x,u = 2~2 \ 2qRo ] ~ ~ inTx'u (n, m) J~,./~ (qRo) P ,~  (cos 0'1 e ~m*' (4.9) 

Substituting (4.9) into the  in tegra l  (4.1), we obtain 

~ + n  
Jf(D 

, (koRo)H,~+,/, (koRo) P ~  (cos O) e i '~ pov.,~ (R, % 0) = 2CA2 tfR_~o ~, ~'i T.,v (n, m) ar~+,,, (*) (4.10) 

where  k o = w/c A.  Equation (4.10) is exact ly  analogous to (3.12). We can use (4.10) to de te rmine  Tx,y for  
r a t h e r  a r b i t r a r y  boundary conditions on the sur face  of the sphe re ,  as  long as they a r e ,  as mentioned,  axi-  
s y m m e t r i c  about the z axis .  In the case  of homogeneous radia l  pulsations of the sphere  (4.4) we find the 
following f r o m  re la t ions  (4.8) and (4.10): 

2poUoCA2Ro sin O /cos 

and the veloci ty  per turba t ions  have the f o r m  

vx,v ---- uosin 0 H'(]~)" (k~R) (cos ~ 
H (1) IkoRo~ ) ,/, ~ , (sin ~ v z = 0 (4.12) 

In Eqs.  (4.11) and (4.12) cos go r e f e r s  to the. x componen t s .  The magnetoacoust ic  radia t ion intensi ty  
in an e lement  of solid angle d~2 = sin 0 d0dgo is de te rmined  by means  of (4.11) according  to Eq. (1.8): 

dl pouo%~2 Ro 
" sin 2 0 (4.13) 

da - ~ [J~./, (koR?) + N~,/, (kom)l 

Consequently,  the d i rec t iv i ty  pa t te rn  for  the radia t ion of magnet ic  sound by a radia l ly  pulsating sphere  
is d ipolar ,  by con t ras t  with the acoust ic  case  c A = 0, cs ~ 0, when the same  sphere  genera tes  i so t ropic  
radia t ion (acoustic monopole) [9]. The total  radia t ion intensity is 

4aP~176 k~176 (4.14) [ =  
3 (l + ko2Bo~)~ 

Here we have re l ied  on the well-known formulas  

J'/,(x)--\ '~-z/ ~ 7 (4.15) 
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Thus, in cold magnetoacoustic media, in which the magnetic pressure H~/4= greatly exceeds the hy- 
drodynamic pressure P0, the latter condition being equivalent to c A >> e S, the mechanical motion of solids 
generates magnetic sound. The latter radiation differs significantly from ordinary sound generated by the 
same radiators in cold media, c S >> c A. This conclusion is also true for more complex radiators than those 
considered here. We also point out that the results obtained above [see (3.12) snd (4.10)] can be used as a 
basis for analyzing the generation of magnetic sound by cylinders and spheres having more complex pulsa- 
tion velocity distributions over their surfaces, by analogy with the familiar problems of acoustics [8]. 
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